The 3-D spatial distribution of relative scattering coefficients in southern India was estimated by means of an inversion technique applied to coda wave envelopes. The inversion analysis was performed for the first time in this kind of seismological research by means of the simultaneous iterative reconstruction technique and filtered backprojection method. Whereas the first one allows to obtain more exact solutions, the second one is a much faster non-iterative algorithm that has proved to provide very accurate reconstructions. Data used consisted of selected 636 vertical-component, short-period recordings of microearthquake codas from shallow earthquakes with magnitudes ranging from 0.7 to 3.7 and epicentral distances up to 120 km recorded by the Gauribidanur seismic array (GBA). Results are almost independent of the inversion method used and they are frequency dependent. They show a remarkably uniform distribution of the scattering strength in the crust around GBA. However, a shallow (0-24 km) strong scattering structure, which is only visible at low frequencies, seems to coincide with the Closepet granitic batholith which is the boundary between the eastern and western parts of the Dharwar craton.
I N T RO D U C T I O N
The behaviour of coda waves in seismograms is one of the observations supporting the existence of small-scale random heterogeneities in the Earth (Aki 1969; Aki & Chouet 1975; Sato et al. 2002) . The direct S wave observed in a seismogram from a local earthquake is followed by complex wave trains with amplitudes smaller than the direct wave and that exponentially decay with time, which are called S-coda. It is widely accepted that coda waves are formed by superposition of incoherent scattered waves from randomly distributed heterogeneities in the lithosphere, such as cracks, faults, folds, and velocity or density anomalies with scale length about the seismic wavelength. S-coda waves have an envelope shape common to all epicentres and stations in a given region after twice the S wave traveltime (Rautian & Khalturin 1978) . Total scattering coefficient (g) and coda attenuation (Q −1 c ) are the parameters, which characterize the coda excitation (which measures the capacity of the medium to originate scattering) and the decay rate of coda envelopes (which is a measure of the attenuation of the medium) within a given frequency band, respectively.
A number of models have been proposed to relate scattering and coda wave amplitudes. One approach to model the coda envelopes is to consider the heterogeneities as randomly and uniformly distributed point-like scatterers. Using this model and on the basis of the energy transport (or radiative transfer) theory (Wu 1985) , the S-wave coda has been synthesized under the assumption of single isotropic scattering (SIS) (Sato 1977) , multiple isotropic scattering (Hoshiba 1991; Zeng et al. 1991) and multiple non-isotropic scattering (Hoshiba 1995; Sato 1995) .
On the other hand, scattering from randomly and non-uniformly distributed heterogeneities has also been studied to explain the features of the observed envelopes of S coda waves. Nishigami (1991) developed an inversion method of coda waveforms from local earthquakes to estimate the inhomogeneous spatial distribution of relative scattering coefficients in the crust. The method is based on the assumption that the fluctuation of the decay curve of the observed coda envelope from a reference curve, which was estimated by assuming SIS and spherical radiation from the source, is caused by a non-uniform distribution of scatterers in the crust. This method has proved to be an effective approach to investigate the real heterogeneous structure in the crust of several regions in the world: Nishigami (1991) detected zones of strong scattering related to major active faults in central Japan; Nishigami (1997) revealed significant heterogeneous structures in the crust around one active fault system and two active volcanoes in central Japan; and Nishigami (2000) showed the segmentation structure along the San Andreas fault system in central California. Chen & Long (2000) , in the Piedmont Province of central Georgia, found a correlation at shallow depths between zones of strong scattering and the location of hypocentres and areas with greater topographic relief, and were able to identify a strong reflecting layer which was consistent with a thrust plain previously reported using other geophysical methods. More recently, Asano & Hasegawa (2004) suggested the correlation between large scattering zones with the existence of fault-damaged zones in southwestern Japan, as well as other scattering properties of the region at different depths.
Several inversion methods have been used in order to obtain the strength of the scattering coefficients. Whereas Nishigami (1991) solved the problem using a standard inversion method, Nishigami (1997 Nishigami ( , 2000 used a recursive stochastic inversion method, and Chen & Long (2000) solved the inversion problem using the algebraic reconstruction technique (ART). On the other hand, Asano & Hasegawa (2004) revised the inversion analysis and obtained absolute values of the scattering coefficients by considering a depth dependent velocity structure and double-couple sources, and assuming an intrinsic absorption parameter.
The aim of this paper is to perform a coda envelope inversion analysis to microearthquake recordings by the Gauribidanur seismic array (GBA) to estimate a 3-D distribution of relative scattering coefficients in southern India. We will follow the method presented by Nishigami (1991) . This method implies a previous knowledge of the depth dependent velocity model and it assumes a synthetic SIS model for the absolute reference scattering coefficients (Sato 1977) . The observed data will be inverted using two different algorithms that are commonly used in biomedical applications but that have not been used previously in this kind of seismological applications: the simultaneous iterative reconstruction technique (SIRT) and the filtered backprojection (FBP) method. The first one allows to obtain better reconstructions than other inversion algorithms, however, it is slower. On the other hand, the FBP is a non-iterative method that has proved to provide fast and accurate solutions.
M E T H O D S

The observation equation
Sometimes, the observed envelopes of S coda waves differ from those synthesized by models based on the hypothesis of uniform distribution of scatterers (e.g. Aki & Chouet 1975; Sato 1977) . Small amplitude fluctuations or ripples overlying on a smoothly decaying coda envelope which is predicted by the scattering theory, are often observed. This observed behaviour can be explained by a non-uniform 3-D distribution of scatterers in the crust. Following Nishigami (1991) , the structures causing strong scattering can be identified by analysing the observed coda envelope fluctuations from a synthesized (or reference) model.
In the present study we will consider the SIS approximation as the theoretical model for the absolute reference scattering coefficients. It models the shape of the coda of local earthquakes (Sato 1977) by assuming SIS, random and homogeneous distribution of scatterers in a constant velocity medium, and spherical radiation of elastic energy. According to the SIS model, and considering the anelastic attenuation effect, the coda energy density at a frequency f , hypocentral distance r and lapse time t in a 3-D space can be expressed as an integral all over the space in the form (Sato 1977) :
where dV = d 3 x; x is the coordinate vector of the scattering point; r 1 =|x| is the distance between the hypocentre and the scatterer; r 2 = |x −r| is the distance between the scatterer and the station; r = |r|; t is the lapse time measured from the origin time of the earthquake; β is the average S-wave velocity; W 0 (f ) represents the total energy radiated from the source within a unit frequency band around f ; and g(f ) is the total scattering coefficient for the frequency f . In a constant velocity medium, the scatterers responsible for the generation of coda waves at a distance r and time t are contained in a spheroidal shell whose foci are located at the source and receiver, which is expressed by the term (1/β)δ [t − (r 1 + r 2 )/β] in eq. (1). Following Sato (1977) the integration of eq. (1) gives
for a homogeneous spatial distribution of the scattering coefficient
and t S the S-wave traveltime. For a 1 K (a) ≈ 2/a 2 , and therefore, eq. (2) becomes
which corresponds to the single scattering model of Aki & Chouet (1975) . We divide the volume under consideration into a number N of small blocks of volume δV , as it will be detailed later. Therefore, by multiplying the right side of eq. (1) by the factor 1/2 for including the effect of a half-space, then by integrating eq. (1) in the radial direction over the spheroidal shell (which radius is approximated by βt/2), which corresponds to the lapse time window t j ± δt/2, we obtain:
where the integral has been approximated by a summation of the blocks, where each term corresponds to a certain block i. The sub index a in the energy density indicates the consideration of an average scattering coefficient g 0 over the half-space. δ ij equals 1 when the ith block lays inside the spheroidal shell which corresponds to the j time window. N j is the total number of scatterers in each spheroidal shell. The observed coda envelope fluctuations from the theoretical model due to the non-uniform distribution of scatterers can be expressed mathematically as spatial perturbations of the average scattering coefficient of the medium due to an individual scatterer in the form: g = g 0 α i (α i ≥ 0). Thus, the integration of eq. (1) gives
For obtaining eqs (4) and (5) we have assumed a constant value of Q c in the region (see Tripathi & Ugalde 2004 for an estimation of coda attenuation in the GBA region), thus neglecting the effect of an spatial variation of Q c on the fluctuations of the coda envelope and considering that they are caused mainly by the spatial variations of the scattering coefficient. In order to get a system of equations that will allow us to estimate the spatial perturbations of the scattering coefficient we divide eq. (5) by eq. (4),
where the left side of eq. (6) is called coda wave energy residual (e j ) and it measures the ratio of the observed energy density in this part of the coda to the average energy density of the medium. If we divide the coda of one seismogram into several small time windows, we will have one equation based on eq. (6) for each time window. Also for each time window, the scatterers contributing to the energy density are contained in a spheroidal shell. Thus, eq. (6) can be rewritten in the following form
. . .
where M is the total number of equations (number of seismograms multiplied by the number of coda time windows considered), N is the total number of scatterers (number of small blocks into which the study region is divided) and
The inversion methods (SIRT and FBP)
To solve systems of equations as large as eq. (7) there exist some powerful iterative methods (e.g. Kak & Slaney 1988) . These methods were first successfully used in tomographic imaging for medical applications and have been extended to other scientific fields. The simplest iterative method is the so-called ART algorithm. For the use of this method it is necessary to make an arbitrary initial guess of the solution α
In our case we simply assign a unity value to all the α 0 j . Then the ART iteration process can be mathematically described by the following equation:
where j . This method was applied by Chen & Long (2000) to solve a similar problem.
However, ART reconstructions usually suffer from 'salt and pepper' noise which is caused by the inconsistencies introduced in the set of equations by the approximations commonly used in the calculation of the matrix parameters. The SIRT (Kak & Slaney 1988) is another algorithm which eliminates the continual and competing block update as each equation is considered. Then, by using the SIRT algorithm, smoother and better-looking reconstructions are usually obtained at the expense of slower convergence. It is also known that SIRT algorithms perform better in extreme situations such as uneven distribution of data, incompleteness, etc., and it is also possible to easily incorporate constrains as positivity and limited spatial support. The SIRT algorithm computes the correction for each block at each iteration by the use of the same equations as in the ART algorithm, but before making any changes, all the equations are considered and only at the end of each iteration the block values are updated. The correction applied to each block is then the average value of all the computed changes for that block.
In many ART and SIRT implementations the w ij 's are simply replaced by 1's and 0's depending on whether the centre of the ith block is within the jth spheroidal shell. However, the width of the shell is usually smaller than the width of the block. Thus, in our case, in order to perform a more accurate inversion, we approximately evaluate the fraction of volume V ij of each block lying inside the jth spheroidal shell. In this way we prevent the overestimation or underestimation that occurs when only 1's and 0's are considered. Thus, we rewrite the coefficients w ij as:
It is also important to use a relaxation (or smoothing) parameter λ (a factor smaller than unity multiplying the correction factor). If incorrectly selected, it will either cause premature termination and incorrect result or, if the number of iterations or λ is too small, it will result in a reconstruction lacking high-frequency details. By trial and error we chose λ ∼ 0.01 for about 120 iterations.
There are other faster non-iterative methods which provide solutions to this type of systems of equations. A very convenient and widely used method is the FBP algorithm (Kak & Slaney 1988) . In this algorithm the scattering coefficients become simply a weighted average value of the residuals that correspond to a certain block. This makes FBP much faster than any other iterative method. Computation times are about 100 times smaller than the ones for ART or SIRT and no relaxation parameter has to be chosen. The correspondence between the scattering coefficients and the residuals are established following several steps:
(i) For each earthquake k, the traveltime of the signal from the source to the ith block plus the traveltime from the ith block to each seismograph l is computed. This time is named T ikl . With this data we define the corresponding spheroidal surface S ikl . The centre of the ith block lies on S ikl and the foci correspond to the location of the hypocentre and the station. Note that each block defines a different spheroidal surface.
(ii) The corresponding magnitude of the residuals for each earthquake k and each station l at the time T ikl is then computed by simple linear interpolation between two consecutive e j , because the available discrete data is spaced δt. We call this magnitude R(T ikl ).
(iii) The contribution of each block is proportional to 1/(r 1,i r 2,i ) 2 . This factor indicates whether the contribution of a certain block is more or less important than the contribution of other blocks on the spheroidal surface S ikl . Then the spatial perturbation of the scattering coefficient may be written as:
Note that each weight in eq. (11) corresponds to a different spheroidal surface. In order to normalize the contribution of the weights for each spheroidal surface we consider that a good definition for the weights would be:
(1/r 1,i ) 2 (1/r 2,i ) 2
We think this definition is very convenient because an analytical expression can be written for the average value. In this way the weights only depend on the location of the ith block, the hypocentre and the station. This is an important point in order to perform a faster calculation. The average value can be written as: (1/r 1,i ) 2 (1/r 2,i )
where A ikl is the area of S ikl . This integral is analogous to the one solved by Sato (1977) . Thus, we may write:
By considering the expression for the area of a spheroid we may then write:
And finally we obtain:
In this work, we compare the results of the application of the two inversion algorithms described. Additionally, some conclusions about the practical implementations of the methods are reached.
G E O L O G I C A L S E T T I N G A N D D ATA
The GBA is located in the Indian peninsula, about 90 km north of Bangalore, on the western flank of the eastern Dharwar craton which is one of the oldest geological provinces in southern India (Fig. 1) . The region is divided into the western (which is composed of old gneisses and greenstones with very few granites) and eastern (which is made of younger rocks with widespread N-S elongate plutons of late Archaeani granites) parts by the 400 km long and 20-30 km wide, north-south trending granitic intrusion named Closepet batholith (Moyen et al. 2003) . The area around the array is relatively flat, with a few hill ranges towards the east and the south. Thus, the topographic influence on scattering would be very small. A crustal model consisting of a 16 km thick top granitic layer over a second layer 19 km thick above the mantle (i.e. with the Moho at 35 km depth) was proposed by Arora (1971) and observed S-wave velocities were 3.46, 3.96 and 4.61 km s −1 , respectively. Waveform data used were selected from 80 earthquakes with epicentral distances up to 120 km which were recorded by the GBA in the period 1992 January to 1995 December. GBA is an Lshaped seismic array and each arm contains 10 short-period (T 0 = 1 s) vertical-component seismometers spaced at intervals of about 2.5 km. The recorded signals are digitized at a sampling interval of 0.05 s. All the events are shallow (depths less than 10 km) and local magnitudes range between 0.3 and 3.7. Attending to the quality of data and after a careful visual inspection, only 636 verticalcomponent, high-quality waveforms were finally processed.
D ATA A N A LY S I S A N D R E S U LT S
One example of the analysis procedure (Nishigami 1991 ) is shown in Fig. 2 . First, each seismogram was bandpass filtered over the frequency bands 1-2 (1.5 ± 0.5) Hz, 2-4 (3 ± 1) Hz and 4-10 (7 ± 3) Hz. Then, the rms amplitudes A obs (f |r, t) were calculated by using a 0.25 s spaced moving time window of length t ± 2 s, t ± 1 s, and t ± 0.5 s for the first, second and third frequency band, respectively. The time interval for the analysis started at 1.5 times the S-wave traveltimes (in order to increase the resolution near the source region) and had a maximum length of 20 s (to minimize the effects of multiple scattering). The rms amplitudes for a noise window of 10 s before the P-wave arrival were also computed and only the amplitudes greater than two times the signal to noise ratio were kept. The amplitudes were then corrected for geometrical spreading by multiplying by t 2 which is valid for body waves in a uniform medium. Then, the average decay curve was estimated for each seismogram by means of a least-squares regression of ln[t 2 A obs ( f |r , t)] versus t and only the estimates with a correlation coefficient greater than 0.60 were kept. The observed coda residuals e(t) were then calculated by taking the ratio of the corrected observed amplitudes to the estimated exponential decay curve. Finally the residuals were averaged in time windows of δt = 0.5 s to get e j at discrete lapse times t j . The decrease of δt increases the spatial resolution, but also the size of the inversion problem. In this case, the system (7) has a number of equations of ∼2700 for the frequency bands centred at 1.5 and 7 Hz, and ∼5200 equations for the 3 Hz centre frequency. The time window for the averaging must also satisfy the condition δt ≤ 2(δV ) 1/3 /β, where δV is the volume of one small block into which the study area is divided and β = 3.65 km s −1 in this region (Arora 1971; Krishna & Ramesh 2000) . This condition assures that the width of each spheroidal shell is smaller than the size of a block.
We selected a 155 × 155 km in horizontal and 80 km in depth study region attending to the stations and hypocentres distribution and it was divided into N = 50 × 50 × 25 blocks. Then, the observational system of eq. (7) was created by assuming the layered velocity structure by Arora (1971) and it was solved using the SIRT and FBP algorithms.
Before discussing the results, we examine the reliability of the solution. Fig. 3 shows the hit counts, or number of coda residuals contributed by each block, that shows which grid zones may be affected by sampling insufficiency for the grid defined. It can be observed that the entire region is sampled by the ellipses, however, the hit counts are much less in an area close around the array and they increase both in horizontal and depth directions up to the considered depth of 80 km. This happens because the stations are concentrated in a small area, which makes all the blocks which are close to the Figure 6 . Spatial distribution of relative scattering coefficients for a synthetic test consisting of one spheroidal structure with two horizontal semi-axes of 13 km and the vertical semi-axis of 9.3 km. It was located at different distances from the array centre point, which is shown by a solid triangle: (a) to the west; (b) below and (c) to the east. The pattern recovered at a depth of 0 km is plotted at the top of the figure. The vertical cross-section along the plane defined by the latitude of the array centre point is also shown.
array to correspond to short lapse times, and they are few because we omitted the earliest portion of the S-wave coda by adopting 1.5t S as start time for the analysis.
On the other hand, we tested the resolution of the inversion methods by synthesizing the coda energy residuals from the observational equation using a given test distribution of scattering coefficients and the same distribution of stations and events used in the analysis. We generated vertical structures with positive perturbations of the scattering coefficient with horizontal dimensions equal to one block and depths up to 80 km embedded in a non-perturbed medium. Then the synthesized residuals were inverted. Results show that although the vertical structures are seen almost up to the maximum depth considered of 80 km, they are well reproduced (more than 50 per cent of the perturbation value is returned) only up to the seventh block (22.4 km).
The resulting distribution of relative scattering coefficients α − 1 = (g − g 0 )/g 0 in the study region for the three analysed frequency bands and for different depths is plotted in Fig. 4 
D I S C U S S I O N
It can be observed that we obtain practically the same distribution of relative scattering coefficients regardless of applying the SIRT or FBP inversion algorithms. Whereas the SIRT algorithm provides slightly lower values of the relative scattering coefficients, the FBP method provides more contrast. Thus, we would recommend the use of the FBP method, which requires much lesser (about 100 times) computation time.
On the other hand, Fig. 4 shows that more than the 90 per cent of the analysed region reveals a spatial perturbation of the scattering coefficient between ±25 per cent. This means that the crust around GBA presents a remarkably uniform distribution of scattering coefficients. For low frequencies, this uniformity is broken by the presence of a strong scattering area which is recognized from the surface up to a depth of 24 km just below the array. This structure is not observed at high frequencies. In fact, each analysed frequency band is giving us information about inhomogeneous structures with sizes comparable to the seismic wavelengths (∼1.8 to ∼3.6 km for 1-2 Hz, ∼900 m to ∼1.8 km for 2-4 Hz, and ∼360 m to ∼900 m for 4-10 Hz in this case). Fig. 5 shows a cross-section of relative scattering coefficients shown in Fig. 4 Figure 6 . (Continued.) by the ellipses as previously discussed in Fig. 3 , however, the behaviour is only observed for the lowest frequency band analysed. In fact, we detected high values of the residuals at low frequencies and short lapse times. In order to establish the validity of the results of this study we tested the inversion method by means of a synthetic test. Because the most notable geological feature in the considered region is the 400 km long and 20-30 km wide, north-south trending Closepet granitic intrusion, we simulated the existence of a single spheroidal structure with positive perturbations of the scattering coefficient at different locations in a non-perturbed medium. Results of the inversion of the synthesized residuals are shown in Fig. 6 . It can be observed that the patterns of the test are well reproduced. We may then conclude that the scattering region observed near the array centre point (Fig. 4) is neither a ghost image nor a mathematical artefact. Thus we may consider that the inversion method may reproduce up to a certain extent the observed data. With respect to the uniform distribution of scattering coefficients, our results are in accordance with previous studies performed in the region. In an early work in this region using statistical analysis of observed teleseismic traveltime residuals, Berteussen et al. (1977) remarked that the area on which GBA is sited presents exceptionally homogeneous structures, apart from the general existing velocity perturbations of the order of a few percent. This conclusion was partly supported by Mohan & Rai (1992) , who also detected the presence of a prominent scatterer in the deep crustal and uppermost mantle level (30-55 km) in this region from a semblance technique analysis. The scattering region coincided with the Closepet granitic intrusion in the region. Krishna & Ramesh (2000) performed a frequency-wavenumber (f-k) spectral analysis of P-coda waveforms to mine tremors and explosions recorded at GBA array. They found a near-on azimuth dominant energy peak with apparent velocity appropriate to the upper crustal depths and they interpreted the result by the presence of a scattering waveguide at upper crustal depths (5-15 km) which might be also related to the granitic batholith. In our case, the zone of strong relative scattering coefficients at low frequency to the west of the GBA array crosspoint also coincides with the so-called Closepet batholith, which is a granitic intrusion that acts as the major geological boundary in the region and it is believed to be a Precambrian suture zone between the eastern and western Dharwar craton.
C O N C L U S I O N S
We estimated the 3-D distribution of relative scattering coefficients in the crust in southern India by means of an S-wave coda envelope inversion technique applied to local recordings by the GBA. Two different inversion algorithms were used for the first time in this type of seismological research: the SIRT and the FBP method. The results allowed us to reach the following conclusions:
(1) The spatial distribution of the relative scattering coefficients obtained was almost independent of the inversion method used.
(2) The FBP method is very convenient and appropriate for solving these kinds of problems because it requires about 100 times less computation time than the SIRT algorithm to invert the data.
(3) The crust of the analysed region around GBA showed a remarkably uniform distribution of scatterers at more than the 90 per cent of the area, which is in accordance with the conclusions of previous studies in the region using statistical analysis of observed teleseismic traveltime residuals.
(4) An inhomogeneous structure with size comparable to a wavelength of ∼1.8 to ∼3.6 km for 1.5 Hz was detected to the west of GBA from the surface up to a depth of about 24 km just below the array and it coincides with the Closepet granitic intrusion which is the major geological boundary between the eastern and western Dharwar craton.
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